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Turbulent bores and hydraulic jumps
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A theoretical model for the velocity field and the surface profile of bores and hydraulic
jumps is developed. The turbulence is assumed to be concentrated in a wedge that
originates at the toe of the front and spreads towards the bottom, and the turbulent
closure used is a simplified k-¢ model allowing for non-equilibrium in the turbulent
kinetic energy. The flow equations are satisfied in depth-integrated form (method of
weighted residuals), and measured deviations from static pressure are analysed and
shown to have a negligible effect on the results. Comparison with measurements shows
good agreement, but there is a clear need for further experimental results in the highly
turbulent region near the free surface. Some basic mechanisms of the flow are
discussed and explained from the theory.

1. Introduction

Bores and hydraulic jumps are nearly equivalent flows. The jump is a stationary
transition to subcritical flow that may occur in a supercritical stream, and a bore is
a transition to a higher water level propagating into quiescent water of a lower level.

The difference between a bore and a hydraulic jump lies in the bottom boundary
layer generated in the latter case owing to the flowing water. In a bore a much weaker
bottom boundary layer is initiated at the front, and it will not be significant until
far behind the bore and well outside the region in which we are interested.

We shall consider these two flows together since we intend to neglect the bottom
boundary layer and concentrate on the violent turbulence in the front and near the
surface and its effect on the flow pattern. This assumption will be justified. Hence
in our considerations a bore may be turned into a hydraulic jump by watching it from
a coordinate system moving with the bore.

The purpose of the present paper is to develop a theoretical model for such bores
and jumps using a simple turbulence model to describe the flow, the shear stresses
and the energy dissipation in the flow.

Our interest in these flows stems from the observation that the front of a periodic
wave in the surf zone has many features in common with the steady bore/hydraulic
jump.

In the literature, studies of the propagating bores are usually made by idealizing
the bore to a moving discontinuity. Then the surrounding flow is described by the
nonlinear shallow-water equations (see e.g. Peregrine 1972; Svendsen & Jonsson
1976), which are studied either by the method of characteristics (as e.g. Peregrine
1974) or numerically (as e¢.g. by Hibberd & Peregrine 1979) or by approximate
methods (Keller, Levine & Whitham 1969). In this type of model, however, the shape
of the front and the flow beneath it are not described at all.

t Present address: Danish Hydraulic Institute, Horsholm, Denmark.
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Previous works on the detailed flow patterns in a hydraulic jump have (with a few
exceptions) all been experimental, and a considerable number of investigations have
been published with measurements of surface profiles, mean velocities and turbulence
characteristics.

For a detailed survey of investigations up to 1967 we refer to Rajaratnam (1967).
It may be mentioned that one of the first examples was Bakhmeteff & Matzke (1936),
who, in addition to a discussion of the overall flow characteristics such as height
(Bélanger 1828) and energy dissipation for a given Froude number

R = u(gd,) 7, (1.1)

also presented measurements of the surface profile which will be used for comparisons
in §6.

Measurements of surface profiles have also been reported by Rouse, Siao &
Nagaratnam (1958), who measured velocities in a wind tunnel in which they modelled
the jump by replacing the free surface by a solid wall shaped according to
measurements in a hydraulic flume.

Velocity measurements were also made by Resch & Leutheusser (1972a,b) and
by Resch, Leutheusser & Coantic (1976). These publications (as well as Rouse ef al.
1958) included data and discussions of various turbulent flow quantities such as u",
w’? and ww'.

Lately Battjes & Sakai (1981) have prescnted velocity measurements in a bore-like
flow generated behind an airfoil suspended in flowing water. Their results, however,
are not directly comparable with the flow beneath a hydraulic jump because of the
large depth of water beneath the airfoil.

A few contributions suggest theoretical models for the flow in a hydraulic jump.

Both Rajaratnam (1965) and Narayanan (1975) suggested that the turbulent flow
in a jump resembles that in a wall jet. A theoretical approach based on the wall jet
analogy was given by Narayanan. He assumed one type similarity in the bottom
boundary layer and another type in the outer layer. The pressure was assumed
hydrostatic and the shear stresses were described by empirical expressions known
from wall jets and shear layers respectively. The set-up used, however, resulted in
a discontinuity in the free surface.

A different model was analysed by Tsubaki (1950). He assumed, however, that the
turbulence was limited to a region above the level of the upstream free surface (figure
1b). As shown by Peregrine & Svendsen (1978) this does not hold. The turbulence
continues to spread downwards from its initiation at the toe of the front until it
reaches the bottom somewhere downstream of the jump (figure 1c¢).

This observation also differs from the assumptions made by Longuet-Higgins &
Turner (1974). They considered the front of breaking waves and assumed that the
turbulence was limited to the region with air entrainment (figure 1a).

Finally Johns (1980) considered periodic and single bores on a sloping bottom. The
pressure was assumed to be hydrostatic, and the non-stationary differential equations
of mass, horizontal momentum, and turbulent kinetic energy were solved numerically.
The model allowed for a non-equilibrium state in turbulent kinetic energy k, but
included no generation of surface turbulence, and, in consequence, the resulting
velocity distribution turned out to be nearly uniform over the depth, obviously
dominated by the bottom rather than by the free shear flow.

Thus, in spite of the general impression that the hydraulic jump is a well-studied
flow phenomenon, no proper theoretical model is available for the flow field.

The present paper will describe a theory based on the observations described by
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Ficure 1. The extension of the shear flow in a bore: (z) Longuet-Higgins
& Turner (1974); (b) Tsubaki (1950); (¢) present model.

Peregrine & Svendsen (1978). The basic assumptions will be presented and discussed
in §2, and throughout the presentation emphasis will be given to justifying the
various simplifications and illustrating the sensitivity of the result to deviations from
the conditions assumed. One assumption is to neglect deviations from static pressure
(it is shown why this is acceptable), and we also assume a longitudinal lengthscale
much longer than the vertical lengthscale. The resulting problem will resemble a
boundary-layer problem with a pressure gradient. The conditions required for
similarity solutions to such a problem are not satisfied (Falkner & Scan 1930) even
for the (rather unrealistic) model based on a constant eddy viscosity, And Madsen
(1981) showed that a more realistic turbulence model cannot change this conclusion.

Instead the flow pattern is determined by the method of weighted residuals, which
implies that the basic equations are integrated over part of the water depth and
satisfied at large. This is a generalization of the method that von Kdrmédn (1930)
showed yields accurate results for the boundary layer over a flat plate.

The depth-integrated equations and the solution for the velocity profiles are
presented in §3, and in §4 we discuss the turbulent closure and analyse some
properties of the velocity field. It is shown how the flow model suggested can account
for the effect of the free-surface turbulence in the roller and the non-equilibrium state
of turbulent kinetic energy.

In §5 the free-surface profile is determined, and in §6 the surface profile and the
velocities and shear stresses derived from the theory are compared with measurements.
The agreement is shown to be quite satisfactory and deviations as well as discrepancies
in the measurements available are analysed.

Some important details of the flow are investigated further in § 7, and the discussion
in this section as well as in §8 includes a critical evaluation of the results. The
conclusions are summarized in §8.

There are three appendices describing in more detail some essential points in the
main text.

2. Preliminary considerations

It is useful first to discuss the characteristics of the flow with the purpose in mind
of introducing suitable assumptions.

First we notice that, although Rajaratnam (1965) showed experimentally that the
pressure variation is not static, the deviation will have a very small effect on the
horizontal momentum balance (see appendix A). Hence we adopt the assumption of
static pressure, by which we also exclude the possibility of describing undular bores,
“hat is we assume that F2 = 2.
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Figurke 2. Definitions related to the flow considered.

In close agreement with the actual flow pattern we shall also assume that the
horizontal lengthscale for the flow is much larger than the vertical scale. This does
not change the continuity equation, which reads

ou Ow
=0, (2.1)

but the Reynolds equations governing general turbulent flow degenerate into the form

_du _ou 10p g(_u,w,) (2.2)

etV T T e
(see figure 2 for definitions). Here
u=u+u, w=w+w (2.3)

are horizontal and vertical velocity components respectively, the overbar denoting
ensemble-averaging and the prime representing turbulent fluctuations. This implies
that the flow we consider (like a number of other turbulent shear flows such as mixing
layers, wakes and various types of jets) is described by the boundary-layer equations
with a pressure gradient.

Some of the flows mentioned (viz. mixing layers, free or strong jets) have similarity
solutions (see e.g. Rajaratnam 1976; Abramovich 1963), which for the present
problem would be described by the fairly general expression

u(x,z) = u(x) (1+I'(x)flo)) O<o<),

_z—a(x) (2.4)
77 b

which has the four parameters u,, I', a and b.

Here u,(z) is the (horizontal) velocity outside the turbulent region, b is the height
of that region, and z—a is the vertical height above its lower edge.

Such solutions, however, exist only for certain types of flow (Falkner & Scan 1930)
which are not satisfied in the present case (Madsen 1981). Thus we cannot expect an
expression of the type (2.4) to satisfy the equations of motion in all detail.

Instead of seeking such solutions we choose to satisfy the equations ‘at large’ by
using an integral method which consists of specifying a suitable form of f(o) and
require that the depth-integrated versions of (2.1) and (2.2) are satisfied for all z.t

1 This method was first introduced by von Kdarmén (1930) for boundary-layer problems and has
in more general form become known as the ‘method of weighted residuals’ (see e.g. Finlayson 1972).
For the boundary-layer type of problems it is known to yield results with x-variations that are
remarkably insensitive to inaccuracies in the z-variations prescribed for the velocity profile @(x, 2).
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In other words, total mass and momentum are conserved, and if our conjecture for
the velocity variation with z (i.e. f(o)) is reasonable, many details will also be correctly
reproduced.

The physical assumptions used on the velocity profile in the turbulent region is
that at the lower edge (z = a) we must have the same velocity as in the non-turbulent
flow, and at the same time the turbulent shear stresses 7,, must vanish. Thus we use

u=uyx), =—=0 at z=a(r), (2.5a)

0z

and add u = ug(x) at z=d(x). (2.5b)

This essentially introduces u, and g as two of the variables of the problem.
Substituting this into (2.4) yields

[(x)=—=—1. (2.6)

For f(o) a third-order polynomial is used. When (2.5) is invoked this takes the form
floy=—Ac*+(1+4)0* (0<o<1), (2.7)
fiO)y=0, f(1)=1.

The justification for this choice and the value of 4 will be discussed further in
connection with the turbulent closure (§4).

Outside the turbulent region we shall in this presentation only consider situations
for which the velocity can be considered constant over the depth. This applies to the
flow in front of the jump (which hence becomes of the type denoted ‘undeveloped
inflow’ by Resch et al. 1976) as well as to the region beneath the turbulent zone in
the front part of the jump.

Hence the bottom boundary layer and the associated bed shear stresses are
neglected. These shear stresses will influence the height of the jump, particularly for
large Froude numbers (see Harleman 1958). However, for F = 8, say, the effect is only
about 4% on the height and inside the jump the effect will be even less as it
accumulates downstream.

Thus the flow pattern we consider has a core (see figure 1) with depth-independent
velocities that decrease downstream due to the increasing pressure.

The complete velocity profiles prescribed are given by

B { () (0 <z <a), } (2.8)
u,2) = see (24) (a<z<d). .

with

3. The integrated equations

The assumptions introduced above correspond to a problem that contains four
unknown quantities, for which it is convenient to choose the velocity uy(x) at the mean
free surface, the velocity uy(x) in the potential core, the thickness a(x) of that layer,
and the total depth d(x).

Hence we can satisfy four integrated versions of the basic equations. One must be
the continuity equation, which can be written

PN

), wdz = 0. (3.1)
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We further choose to satisfy the equation of horizontal momentum integrated over
the total depth and over the core region separately (which implies that horizontal
momentum is also satisfied in the turbulent region separately).

Invoking the assumptions introduced in §2 the two momentum equations may be
written

d

a%” 1I2dz+%gd2}=0 total depth, (3.2)
0
a 1,2
F tul+gdy =0 for a0, (3.3)

where the latter is equivalent to the Bernoulli equation. Notice that it may be shown
that, suitably transformed, (3.3) includes the effect of the entrainment of momentum
from the core into the turbulent region.

In (3.2) the fact is utilized that although there is a strong surface turbulence there
is no external force at the free surface. It is intended that details of the analysis of
flow near the free surface will be presented in a further paper. It should be
emphasized, however, that this does not imply that the horizontal shear stressat z = d
(of which 4 in (2.7) is a measure) is zero. Hence the value of 4 is still open for
discussion.

The fourth equation to be satisfied is the energy equation for the mean flow, which
becomes —

9 g +Luﬂd—fdﬁa“d 3.4

axou(g( —z) +yut)dz = w4 (3.4)
where the last term represents the loss of mean-flow energy due to production of
turbulence. The evaluation of the right-hand side will be discussed in §4.

As mentioned in §1 the turbulence spreads downwards from the surface until the
turbulent region covers the full depth. Downstream of that point we have a = 0, which
reduces the problem to the three unknowns ug, 4, and d, and (3.3) is no longer valid.

By integration of (3.1), (3.2) and (3.3) with respect to « and introduction of the
velocity profile (2.8), the equations transform into simple algebraic equations in the
three unknowns ug, %, and a. The equations can then be solved in terms of the fourth
unknown d for a given value of 4. Before doing so we notice that this is possible
without choosing the turbulent closure, because the shear stresses in the fluid do not
occur explicitly in the two momentum equations, but only in the energy equation
(3.4). Hence solution of (3.4) will eventually yield the relation between d and x (i.e.
d = d(x)).

Solution of (3.1), (3.2) and (3.3)
If we define the dimensionless mean velocity V as

Id u(z)dz

o (3.5)

V= Uuyd

the continuity equation (3.1) may (after integration with respect to x) be written

V = (gvﬂ)_l’ (36)
where
d
Vo = —, §Ed—, (3.7)
1
Similarly (3.3) becomes
vE = 1+ﬁ(1_€) (3.8)
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with F, defined by (1.1), and for (3.2) we get

1
@ = {4 g (1= 0] (3.9)

a——f < ) Eéfodﬁdz. (3.10a, b)

Using (2.8) in (3.5) and (3.10) yields

where

V= 1+FSSI = 1+58S,, (3.11)
a=[1+528,+8,IN]V2 (3.12)
where
S, _ff H(A+4), (3.13)
S, _ffz o= 5(A2+74+21). (3.14)

The procedure of solution is then: for chosen d and F, we get { from (3.7), v, from
(3.8), and V from (3.6). Then use (3.9) to get & and determine b and T from (3.11)
and (3.12) respectively. Finally the three dimensional unknowns w,, 4, and b are
determined from (3.7), (2.6) and (3.11) respectively as

Uy = UV, U= U(1+T), b= %5, (3.15)
where, in addition to F,, we must specify either d, or u,. These solutions then yield
a, b, u, and u, for any properly chosen d (i.e. d, < d < d,), and hence also the velocity
profile u(z) for the specified depth. But no information is so far available about the
relation between d and «. To obtain that part of the solution we must solve the energy
equation (3.4), which again requires specification of the turbulent closure.

4. The turbulent closure

The turbulent-closure mechanism, being empirical anyway, is chosen to be as
simple as possible without sacrificing the important features of the flow.

One aspect that is considered significant is associated with the fact that the bore
turbulence is generated, convected (downstream), and essentially dissipated within
a limited region of a few times the length of the roller. Hence, near the front where
the turbulence starts there must be an excess of turbulence production relative to
the dissipation, whereas further downstream the dissipation of turbulent energy e
must have exceeded the production.

This pattern is quite clearly illustrated if we compare the variation of the
production and the dissipation from the measurements by Rouse ef al. (1958). This
is shown in figure 3.

To model this feature at least qualitatively correctly means to allow for non-
equilibrium in the turbulent kinetic energy, which is defined as

k=31@2+v2+w?). (4.0)

On the other hand it is considered reasonable to assume local equilibrium in the
turbulent shear stresses »'w’, since from a given non-equilibrium condition the
various turbulent quantities relax towards local equilibrium at various rates when
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F1oURrEe 3. The variation with z of the depth-integrated production and dissipation
of turbulent kinetic energy %, based on measurements by Rouse et al. (1958).

given the opportunity. And the shear Reynolds stresses are known to relax faster than
either of the normal stresses and k. This implies (see Launder & Spalding 1972) that
we write o

u'w oc?é-;, (4.1)

which is equivalent to using a closure model of the Boussinesq type with

PoC—,  —uW = v (4.2)

Launder & Spalding (1972) also suggest that e in addition to k depends on a mixing
length, which we will choose here as d —a. Hence we introduce for ¢

i
d—a’
v, oc kdd—a). (4.4)

€ oc (4.3)

which in (4.2) yields

By these assumptions we have reduced the turbulent-closure problem to the
problem of determining k.

To do so we consider the transport equation for £, which (invoking the previous
assumptions) may be written

dk 0 (k2 ok — 0

Here and in the following all Qs are empirical turbulent constants (see Launder &
Spalding 1972).

Equation (4.5) is then integrated vertically over the turbulent region. In appendix
B are shown the details of the derivation, which yields

d d ___ Pu d
—a%f ﬁkdz=f —u’w’%%dz—f edz. (4.6)
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Here the first term on the right-hand side represents the production of turbulent
kinetic energy, the last the dissipation. Thus non-equilibrium for £ corresponds to

d
Az) = j‘ae dz { <1 near the front, \ AT
_'[ d ___9um, |>1 further downstream. (7
—w'w — dz
a 0z
In harmony with (2.4) we now assume a similarity profile for £ of the form
K = X(2)g(0), (4.8)

which substituted into (4.7) together with (4.2)—(4.4) and (2.7) yields that the
xz-variation of &£ must have the form

X(x) oc (ug—ug) A L—l———— , (4.9)
| gtordo

0
where the bracket is a constant for specified g(c), and where w,—u, > 0.

For A =1 (local equilibrium in k) the model reduces to a Prandtl mixing-length
theory in which P
u

ko~ (d—a) E’ ~ f (o) (ug—ug). (4.10)

Hence it is natural to use g(a) = f'(o), which then yields

I = O A(ug—ug) (), (4.11)
and from (4.4) and (4.2) we also get
ve = Q Aug—us) (d—a)f'(a), (4.12)
— W = —Q, Ay =) f (), (4.13)
a —/'7677 3
—u'w Edz = Q S0 A{uy—ug)®, (4.14)
where 1
S = j fldo. 4.15)
0

The turbulence model thus introduced is a simplified k-¢ model in which we may
either determine A(x) from (4.6) or use the empirical information illustrated in figure
3 to specify a reasonable algebraic closure for A. This is discussed further in §5.

By the derivations above we are also able to justify the form (2.7) chosen for f(o)
by comparing the z-variation for @, k and w'w’ with measured values, and at the same
time to discuss proper values for 4.

Such a comparison is shown in figures 4-6. The measurements are taken from Rouse
et al. (1958), Battjes & Sakai (1981), and a few from our own measurements to be
described below. In figure 5 it is assumed that «”® oc k so that these two have the same
z-variation.

In essence, the coefficient A represents du/dz at the free surface, since

f(y=2-A4.

In particular 4 = 2 corresponds to du/0z = 0 at the (mean) free surface, which is
the usual assumption in free-surface flows, corresponding to vanishing shear stresses
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F1cURE 5. Measurements of (w2):. For symbols see figure 4.

there. A = 2 corresponds to the profile used by Tsubaki (1950) above z = d,. Madsen
& Svendsen (1979), however, showed that in the highly turbulent region of the surface
roller the shear stresses will be non-zero at the local mean water level d(z). So to model
this effect we must choose 4 < 2. Accordingly, in the three figures we have shown
curves that result from applying 4 =14, 1, 1-4 and 2.

When drawing conclusions from the figures, however, it should be recalled that the
only measurements available near the surface (namely Rouse et al. 1958) were taken
in air flow in which the ‘surface’ was represented by a solid wall shaped after
measurements in a real hydraulic jump of the same strength. Hence by definition u2
must be zero at ¢ = 1 (which means that the non-zero measurements shown for u”
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Ficure 6. Measurements of «'w’. Battjes & Sakai (1981):
O, ¢ = 2:00 m. For other symbols see figure 4.

correspond to o slightly less than 1). Therefore the measurements of Rouse ef al. are
not really relevant near the (free) surface. The measurements from Battjes & Sakai
(1981) clearly show that downstream of the roller (x > 0:9 m) «’w’ nearly vanishes
at the free surface as in ordinary free-surface flow.

In the roller Battjes & Sakai have no actual measurements near the surface, but
those available clearly indicate a finite surface value for w'w’. To illustrate the effect
of different values of 4, we will in the following give results for 4 = 1, 1-4 and 2, where
these differ appreciably.

5. The surface profile

The surface profile of the jump may be found by solving the energy equation (3.4)
for the mean flow. At the same time A(x) must be determined, in principle from the
equation (4.6) for the turbulent kinetic energy.

We first substitute (2.8) into (3.4) and define the coefficient 8 by

/f_df ( > dz = [1+5(38,+ 38, +TI'28,)] V-3, (5.1)
where U is given by (3.10b) and
S, = J. S3o = gig(A®+104%+ 454+ 120). (5.2)
Then (3.4) becomes
o d?U + P = J.d—ﬁ@zdz (5.3)
ax [g 2 IB] - u uw az . :

With U eliminated by means of the continuity equation, and ¢ introduced from
(3.7), (5.3) may be written

ce(g-B)+ o == P 64
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where we have changed to X = z/d, (5.5)

and defined

1 (d 0w
P, = —j —ww . (5.6)

In a hydraulic jump § is a monotonic function of «, and, since from (5.1) £ is a
function of { and F, only, we may write

d
Be=18; a’g, (5.7)
Substituting (5.7) into (5.4), that equation may be written
Cx = R/F, (5.8a)
where

1 d 1
F=£———é—-—, (5.8b)

& 204l F

which is a first-order ordinary differential equation for § = {{x/d,).
From (4.14) we see that P is proportional to A(x). In appendix C it is shown that
a simple algebraic closure for A yields results for the surface profile that differ only
slightly from the result obtained by solving the equation (4.6) for the turbulent
kinetic energy.
Hence we have chosen to use the algebraic closure from appendix C:
Uq

A= , (5.9)

Ug—Ug

and the results shown in the following are obtained with (5.9).

Notice that (5.9) satisfies the primary requirement that near the front the
production of turbulent energy dominates (A < 1), whereas further downstream the
dissipation is larger.

Figure 7 shows a comparison of the production and dissipation of turbulent energy
from (5.9) with the measurements of Rouse et al. Considering the uncertainties of the
measurements and the fact that the flow investigated by Rouse et al. was not a real
hydraulic jump or bore, the agreement must be considered adequate.

The introduction of (5.9) for A also implies that only one turbulence constant Q,
is required, which essentially means determining the produetion of k at one point.
This is done by comparing theoretical and measured surface profiles, and the simplest
form for the equations are obtained if we consider values at the toe (x = 0) of the
turbulent front.

It may be shown that for x = 0 we get

Sy

1
= Uy g > o 1
r a:_—:() | I S;b Uy Ug = s, Uy, (5.10)
and since {5.9) implies A = —I'"! we also have
S,
A A= S—Z (5.11)
x—0 1
Using this together with (4.14) in (5.6), and recalling that «, — «, for x —> 0 we find
2
5y (5.12)

P » Boy=Q8
0

10 G2°
r— SZ

with 8,, given by (4.15).
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measurements of Rouse et al. (1958): v, production; O, dissipation.

Comparison with measurements then shows the best agreement if P, = 0-03,
whence S2
2

81081

It is useful to compare this result with similar results for jets and mixing layers.
Equation (5.13) corresponds to
|- 0-:024A (4 =2),
—(7:—1:“;—‘;5 = {0020A (4 =14),
¢ s 0017A (4 =1).

From Rajaratnam (1976) we find the following experimental results:

Q, =003 (5.13)

0023 free plane jet,
|— 20| 0-018 free circular jet,
——A_-;“—% = ({0026 compound jet,
(A%) 0009 plane mixing layer,
0011 compound mixing layer,

where Au represents the maximum velocity deficit corresponding to u,—us. We see
that for A & 1 (which is true in a large part of the flow region) (5.14) is in good
agreement with the results from other types of shear turbulence.

The profiles were determined by a numerical integration of (5.8) using (5.13) for
Q,. With the algebraic closure used for £, Q, is the only empirical constant required.

6. Comparison with measurements

The theoretical surface profiles are compared with measurements in figures 8 and
9 for F2 ~ 3-9 and 855 respectively. For F2 ~ 3-9 three different investigators have
measured the surface elevations, and we see there are some discrepancies between
their results.

The points denoted ‘own measurements’ were obtained in a 15 cm wide flume in
a steady hydraulic jump generated downstream of a sluice gate (which implies that
the inflow was ‘undeveloped’). The measurements were taken with a resistance
transducer consisting of two gold-covered silver wires with diameter 0-17 mm and
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et al. (1958) (F? = 4); x, own measurements (F} = 3:87). Bars on x -points indicate extreme range
of mean surface elevation over the 4-6 min measuring period. ———, theory with A = 1-4 (F} = 3-95);
, theory with 4 = 1-0 (F? = 3-95).

placed 5 mm apart. The electric signal was filtered to reduce the turbulent fluctua-
tions, and measurements were taken over several minutes. The distance to the front
of the jump was measured for each position of the transducer as the position of the
jump was slightly sensitive to the disturbance represented by the transducer.

We see that the curves corresponding to 4 = 1 and 1-4 respectively are hardly
distinguishable, although 4 = 1 does yield a slightly closer fit to the measurement
in the roller region, which is in accordance with the discussion about the value of 4
in §4. This also confirms the expectation that the z-variations should be rather
insensitive to variations in the prescribed velocity profiles.

As will be seen from (5.8) the rate of increase in the surface clevation is proportional
to the local energy dissipation. Therefore when we observe that the theoretical profile
is slightly lower than the measured profile in the downstream end of the jump this
indicates that in that region the theoretical mean energy dissipation is a little smaller
than in the experiment. The deviation is of the same order of magnitude as the 4 9,
caused by the accumulating effect of the bottom shear stresses (see §2) which were
neglected in the theory. For #2 = 855 (figure 9) we only have Bakhmeteff’s data. The
deviation here is slightly larger, but this should be considered in connection with the
observation that for F? = 3-9 (figure 8) where Bakhmeteff’s measurements can be
compared with other sources, they tend to be somewhat on the high side.

In the experiments mentioned above measurements were also taken of the mean
velocity in a large number of points. A 5 mm 3-bladed micropropeller was used for
this purpose, and again the results were obtained as the mean over several minutes.
As the propeller cannot measure in air-entrained water, the scale of the experiment
was kept small enough to prevent significant air-entrainment in the roller. (Hence
the measurements also form an experimental verification, if needed, of the fact that
the turbulence in a hydraulic jump can exist without air entrainment.)

In figure 10 the results of the measurements are compared with the theoretical
solutiondescribed above. It hasbeen checked that these results within the experimental
accuracy satisfy the continuity equation for each velocity profile.

A single value of the mean surface velocity in the roller has also been included.
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Ficure 9. The surface profile for F2 = 8-85; x, Bakhmeteff & Matzke (1936)
(F% = 8-55); ——, theory with 4 = 1-4; , theory with 4 = 1-0.

It was obtained by measuring on small flamingo foam particles floating on the surface.
We see that within the accuracy of the measurements the general tendency in the
theoretical velocity profiles is quite well confirmed.

We also notice that the difference between the profiles corresponding to 4 = 1 and
2 respectively is actually negligible in the downstream region simply because I'(x)
in (2.8) is so small there. This confirms the decision to choose A4 to fit the roller profiles.

The theoretical results have also been compared with the measurements of Rouse
et al. (1958) (figure 11) and those of Resch & Leutheusser (1972b) (figure 12).

As mentioned previously the experiments of Rouse et al. were made in a wind tunnel
with the free surface simulated by a solid wall. The resulting flow is actually a diffuser
in which the shear force should change sign at the (free-surface) wall, and (in
particular the vertical) turbulent velocity fluctuations will vanish there.

Thus the flow especially near the free surface is significantly different from that
in a bore or hydraulic jump, and therefore we cannot expect the shear stress and
velocity measurements to be representative, in that region. From figure 11 this seems
to apply particularly to the velocities.

Figures 11 and 12 both show significantly larger deviations for the velocity profiles
than was found in our own measurements. Some of the cases (e.g. figure 12qa),
however, may be due to errors in the measurements. On the other hand, the basic
idea of a turbulent layer spreading from the surface is quite clearly confirmed.

It must also be concluded that the value of A cannot be determined from the
experimental results available, at least not with any further confidence than was
obtained from the discussion in §4.

The measurements in figure 10 also justify the initial assumption to neglect the
effect on the flow field of the bottom boundary layer. We see that the hydraulic jump
behind a sluice gate shows no significant boundary layer in front of the jump (figure
10,8 = (d —d,)/(dpax— ;) = 0) and even far downstream the boundary layer has not
really developed yet.



P. A. Madsen and I. A. Svendsen

16

(p—-"""p)/(p—p) =9 18E=1J 1 =F ‘— ‘T = F ‘——— "SJUOWAINSLIW UMO Y14 so[godd £1100[04 [BoMRI00Y] JO uosLredwo)) "(] BUNOL]

in/n
- T DAL T 7 i -y =T ey -
e b lo ° °
b i I
b i i + ] ] ° i
. y o °
) d ol o
[ L L i -
1
_ | , |
1 | ¢
p | p 'p o
v~ ' — i sI~— 1 | ga— w } [ \
x 9 n x i x _ 1 X
I~¢ L t~e 9660 fo 560 : 060 o
[ | !
. . L \ ] ‘
!
i _ _ 1)
r f !
o1 o
\!d \!d ¥
: !
o ¢
: g 1
) ?
1
° b
]
— 01
P
z
950 A LED 0=¢
4 4 AON
r




Turbulent bores and hydraulic jumps

(@)

®)

x

\
I
i
i
%
|
:
I

()

17

u T
ulz A u, Lulz r . x u, u12 —‘z
1 1 1 . L Yy J g ol
0-02 0-01 0-5 0-01 0-5 0-01
Ficure 11. Comparison with measurements by Rouse el al. (1958) (F? = 4).
— A4 =2; , 1. (a) d/d, = 1-75; (b) 2-10; (¢} 2-25.
(@) z/d, (®) z/d, (c) z/d,
1_ 7
t'!l a1 ‘
i A '7’ '\\
/ LEA JLo
Ve ’ \‘»\ / \\\ x ‘ \‘1-_
e \ {+ 12:0\ S
/ N ! \ x i Y
[ ™ { . \ o \ -
{. \\\,f i‘ \\\ x \ \\
i . ‘. UM
5\ 1-0 \\ Yoo\ . RS R B
[ .\\ NOT \\' \\ x .‘\ \‘"
uw \\\ \\ 'i uw \\\ \\ ‘ 73 ulwl \ \ 7
uy? ’ BN \l ‘ul u? ) M 3 71 u,? « Z
| I L3 . MO I xt
0-02 0-01 0-5 0-01 0-5 0-01 05
Ficure 12. Comparison with measurements by Resch & Leutheusser (19728) (F? = 8-12).

——— A =2 (a) x/d, = T1; (b) 12:5; (c) 1T°8.

7. Discussion of some characteristic flow details

The theoretical model developed above will predict many of the characteristic
details in a bore or hydraulic jump, some of them more realistic than others.

First of all the streamline pattern may of course be derived from the solution. An
example is shown in figure 13 for f2 = 2. Notice that the dividing streamline
separating the region of recirculation (the roller) does not coincide with the limit of
the turbulent region. This limit is not even a streamline as there is a significant
entrainment into the turbulent region.

What cannot really be seen is that there is a slight discontinuity in the slope of
the streamlines right under the toe of the turbulent front. This is discussed further
below.

In figure 14 is shown the variation of the lower limit of the turbulent region
(described by a — see figure 2) for different Froude numbers. One of the interesting
details is that for small Froude numbers a is increasing immediately after the start
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Fiourke 14. Streamwise variation of the distance from the bottom
to the lower limit of the turbulent region.

of turbulence, which means that although the turbulence is spreading downwards
from the surface the slope of the surface is larger. This situation may be recognized
in some of the photographs in Peregrine & Svendsen (1978). The larger the Froude
number the steeper the increase in the turbulent region.

The effect of the turbulence in preventing the bore front from gradually steepening
as it propagates (as it would in the nonlinear shallow-water theory with static
pressure and a depth-independent velocity profile) is expressed by the way the total
horizontal momentum is conserved at any point in the jump. The equation describing
this is (3.9), which shows that to obtain momentum balance at any point (with the
permanent form assumed in that equation) the velocity profile must deviate from the
z-independent profile in such as way that a varies as prescribed by that equation.
This requires a transfer of momentum upwards from the lower layers in the jump
and this is exactly what the turbulence causes. Figure 15 shows the a-variation
required according to (3.9).

Hence we must imagine the interaction between the turbulence and the shape of
the bore or jump is such that if the front is too steep the surface water will rush faster
down the slope to create more-violent turbulence as it meets the incoming water at
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Ficure 15. The variation of a according to (3.9).

the toe. In the theory described above this is heuristically modelled by using A
proportional to the difference u,—u, between surface and bottom velocities. The
details, however, of how a deviation from the stable profile is stabilized by the
turbulence cannot be analysed in the present formulation of the theory, which
assumes permanent form. It will be discussed in a later paper.

It is worth mentioning another feature of the theoretical model associated with the
flow around the front. In the model the flow upstream of the toe cannot feel the coming
front. In this sense the model is a shock model, which is of course not in accordance
with the assumption of incompressible potential flow outside the turbulence region.
In reality, the pressure change represented by the front will be felt also upstream
of the toe, which can also be seen from the abovementioned photographs, where
a weak rise in the water level occurs in front of the turbulent bore with a similar slight
change in the streamlines. It is the omission of this effect that causes the
abovementioned discontinuity in the slope of the streamlines.

Other, but physically more reasonable, discontinuities occur at the front. Thus the
surface velocity u, is finite even at the toe. This is not in conflict with continuity,
as the thickness of the layer (the ‘roller’) with this property tends to zero as x — 0*.
Figure 16 shows this property in terms of I', which is part of the solution. The value
of T at x = 0% is given by (5.10) and also the value of other quantities may be
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determined at the toe. Of particular interest is that the surface slope {, is given by

St B
088~ S -1

{, =2Q.8 (x = 0%), (7.1)
which shows that the bore or jump is steeper the smaller the Froude number £,.
Finally the ‘length of the roller’ Ly g may of course be determined from the results
as the value of x for which u, = 0. But, as one physically feels that this quantity is
very sensitive to small changes in the flow pattern, so the computations show that

it depends quite strongly on the value of 4. As figure 17 shows, measurements of Ly g
confirm this transitoriness.

8. Summary and conclusions

The model developed for bores and hydraulic jumps is based on satisfying the
hydrodynamic equations ‘at large’ by considering the equations integrated over the
depth (or part of the depth). This is combined with an assumption of static pressure,
which is shown to be well justified (see appendix A), and with a specification of the
vertical variation of the velocity profile (2.8) and (2.7). A qualitative illustration of
the flow pattern is shown in figure 2.

In the turbulent region a closure model is used which allows non-equilibium in the
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turbulent kinetic energy k. The final closure used for k is algebraic (implying that
only one empirical constant . describes the turbulence), but in appendices B and
C the depth-integrated transport equation for k is derived and solved to show that
little is gained by this more elaborate procedure.

Finally the results for both the surface profile and the velocity and shear-stress
variations are compared with measurements.

A number of conclusions may be drawn from the analysis and the comparisons.

It is shown by varying the prescribed velocity profile (by changing the constant
A) that the surface profile is insensitive to the precise form of the velocity profile.
There is good agreement with measurements for rather different A-values.

On the other hand, the comparison with, in particular, our own measurements
shows that the prescribed vertical variation of the velocities is in good agreement with
measurements.

Yet insufficient information is available about both velocities and shear stresses
near the surface where the flow is dominated by gravity and the high-intensity surface
turbulence. Hence there is a need for measurements in that region.

The bottom boundary layer and shear stresses have been neglected, which is
natural in a bore and is shown by the measurements to be a good approximation for
a jump behind a sluice gate. By restricting the analysis to such flows we also avoid
the problem of separation of the bottom boundary layer due to the adverse pressure
gradient under the jump (or even formation of a standing vortex near the bottom),
which may occur in cases of a ‘fully developed’ inflow.

Finally it may be added that since the flow far downstream of the jump or bore
returns to the steady uniform free-surface flow both the total height of the jump and
the total power dissipation are determined by the classical formulas known from the
hydraulic textbooks.

Appendix A

The deviation from static pressure will change the total momentum in any vertical
section. In this appendix it is shown that the change is negligible.
The total momentum, assuming a static pressure distribution, is

Mg = aplU?d +1pgd?, (A1)

where « is defined by (3.10).
In fact, the pressure is non-hydrostatic. The pressure is given by (see e.g. Madsen
& Svendsen 1979)

a
p(z) = pg(d—z) —pw2+a—(1j puwdz+terms from the surface turbulence. (A 2)
z
At the bottom we have p = p,, and w = 0, so that
a3 (e
Po = pgd+——j puwdz. (A 3)
ox ),
Rajaratnam (1965) finds experimentally for all x that p, & pgd, so that we must

have (0/0z) | : puwdz = 0. Now @ and % have the same sign at all points, so since 8/dx
of vertical turbulent shear stress | u"w’dz is negligible we have

o [? o (¢
%J- puwdz%aj- pawdz = 0. (A4)
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Hence (A 2) becomes

p(z) & pg(d—2z)—pw? (A 5)
o Mf\«d_z_y_)ﬁ A6

which shows that the deviation from static pressure is represented by w?/gd.
Rajaratnam (1965) finds that for a jump with F; = 2-86 the maximum deviation from
static pressure is & 0-1p,,. Part of this contribution is due to w?, the rest (near the
surface particularly) is caused by the turbulent fluctuations w’2. Therefore we get
corresponding to (A 1) for non-hydrostatic pressure

2 1 dwz
— 2 —_ —_—
M = pgd (agd+2 j gddz>. (A7)

0

If, inspired by Rajaratnam’s (1965) graph, we assume (for the F, = 2:86) jump

de
f Y 4z ~ 06 x 01 = 0-06

o 9d
we get M aP+}—006
AT

where F2? = U?/gd varies streamwise between F? > 1 in the front of the jump and
F% < 1 downstream of the jump. Since w?/gd ~ 01 is a maximum value occurring
under the roller it is natural to combine this with F= 1, which yields (with a ~ 14,
see figure 15) M 068

Ms ’
i.e. the deviation from static pressure contributes at most 329 to the total
momentum, or about 1-6 %, to the depth.

Finally we notice that since w/ U varies only slightly with the strength of the jump
we must have w?/gd oc F? so that the above analysis holds at least for a wide range
of jumps.

Thus we conclude that the deviation from the static pressure will have very little
effect on the momentum balance.

Appendix B

Equation (4.6) is found by integrating (4.5) over the turbulent region. This yields,
since the flow is steady, for the term on the left-hand side

ddk a/ ok _ 0ok @9 _
L Edz = L (ugg+wb;> dz = ] gg(uk)dz+[wk]z=d, (B1)

the latter being obtained by means of the continuity equation and k = 0 at z = a.
The Leibnitz rule then gives

ddi o (¢_ _ _ o (% _
L Ezdz = aL wwh dz—[aky, +wk),—q = %L ukdz, (B 2)
where the kinematic free-surface condition

W— @G, =0 (B 3)
has been invoked.
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For the first term on the right-hand side of (4.5) we get directly

2o/, 6k> X ok|?
L 6z<k (d— a)a dz = kx(d— a)az

where k = 0 at z = a. The value of the result at z = d represents the net diffusion of
k through the mean free surface due to the turbulent surface fluctuations. Since only
a small fraction of the energy dissipation occurs above z = d this contribution is
negligible. Hence we arrive at the depth-integrated transport equation

d _
6_axj ﬁkdz=—J ! ’g—dz—J edz, (B 5)
a a a

which is (4.6). This also implies that the value of €, in (4.5) becomes irrelevant.

; (B 4)

a

Appendix C. Solution of the transport equation for %

The depth-integrated transport equation for & (4.6) may be transformed into a
differential equation for A? (defined by (4.7)) by the following operations.
First we eliminate P, defined by (5.6) between (4.6) and (5.8) and get

d
ij akdz = (1—-A%)u? F{ d,. (C1)
ox ),
We then transform to ¢ as independent variable (see the comments in §5) to obtain
d
—a—j ukdz = (1—A®)ud Fd,. (C2)
otl,

Substituting (2.4) and (4.11) for » and % then yields
dA?

Q. F— & —+A¥QF,+F)—F=0, (C 3a)
K= " [(2g— ug)? bugSyy — (ug—ug) S1p)1, (C 3b)
1%
F,=dF/d¢, (C3¢)
8§, = j Jaklt = £(242—54+20), (C 3d)
S = j flo)f¥o)do = h5( 43+ 842 — 324 + 96). (C 3e)
0

Equation (C 3a) is the required equation for A% F, and F, are functions of the other
variables u,, 4y and b. Hence the inclusion of this equation means that the model
consists of the algebraic equations in §3 plus the two simultaneous differential
equations (5.8) and (C 3a).

The inclusion of {C 3) requires an (extra) boundary condition for A, and it is natural
to specify the value of A at the toe of the jump, i.e. { = 1. Here one would expect
both dissipation and production of turbulent energy to grow with the size of the
turbulent region so that their ratio A may have a limiting value for { - 1, which could
be used as the boundary condition for (C 3a).

It turns out, however, that /; — 0 so that (C 3a) is singular at { = 1. The inner
&1
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approximation of (C 3a) valid for small £ = {—1 may be written

dAZ 2 g_Z

—d?-F?Cl = £ (C4a)
where F
C,= (F+Cy)-y, Cp= (H)) ) (C 4b)
(=1
which has the complete solution
At = TCEC (o), ©5)
1

Hence if we wish to keep A? bounded for { - 1 we must use C = 0 (since C; > 0),
which corresponds to dA?/d§ — 0 for { - 1, and (C 5) becomes

F Y\ 8,8, — 8,8, T
A =<____> =[1_29 ;2__@] . C6

T \Q T+ F s ¥ S S =S (©6)
The value of A,_,, cannot be deduced from the measurements available, but if (C 6)

is going to equal the value of the algebraic closure

Uy

A= €7

Uy — Ug

at { = 1 then we must have Q, = 0-0754. It may be shown that this value is slightly
larger than the value in jets and mixing layers, where we find 0-015 < Q, < 0-055,
and also larger than the value of 0:022 < Q, < 0-044, which can be derived from the
experiments of Rouse et al. (1958).

Figure 18, however, shows a comparison between the surface profiles obtained by
using (C 7), and (C 3a) with the boundary condition (C 6) respectively. For the latter
case is shown the result for two rather different values of Q, (0-01 and 0-0754), and
we conclude that the solution using (C 7) is as accurate as the more elaborate
differential closure described by the transport equation for k, which in itself is not
very sensitive to the value of ;.
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